The algebra of quantum differential operators on graded algebras was introduced by V. Lunts and A. Rosenberg. D. Jordan, T. McCune and the second author have identified this algebra of quantum differential operators on the polynomial algebra with coefficients in an algebraically closed field of characteristic zero. It contains the first Weyl algebra and the quantum Weyl algebra as its subalgebras. In this paper we classify irreducible weight modules over the algebra of quantum differential operators on the polynomial algebra. Some classes of indecomposable modules are constructed in the case of positive characteristic and q root of unity.
Introduction
Let k = Q(q) be a field where q ∈ C * is not a root of unity. Let k[x] denote the polynomial algebra over k in one variable x. Then following [5] , the algebra of quantum differential operators on k[x], denoted by D q (k[x]), for a specific bicharacter β was constructed in [4] . In [3] , the algebra D q (k[x]) was described in terms of generators and relations.
View x as a linear map on k[x] via multiplication; that is, x(f ) = xf for f ∈ k [x] . For a ∈ {1, −1} define ∂ a : k[x] → k[x] linearly by ∂ a (x n ) = q an − 1 q a − 1 x n−1 for n ≥ 1 and ∂ a (1) = 0. Further, define
linearly by ∂(x n ) = nx n−1 for n ≥ 0. In [3] , it is shown that D q (k [x] ) is a left and right Noetherian simple domain of GK dimension 3 when q is transcendental over Q.
Let σ : k[x] → k[x] be the automorphism given by σ(x n ) = q n x n for n ≥ 0.
Then one can check that Our goal is to study weight modules of D along the lines of [1] and [2] using the fact that D contains two Generalized Weyl Algebras (GWA), denoted by A q , A 1 . In this paper we deal only with the problem of classifying irreducible modules when k is algebraically closed. We will treat the indecomposable ones in a subsequent paper.
We show that all irreducible modules in these cases come in three groups:
Family I: Irreducible D weight modules which are extended from irreducible A q -weight modules (see section 3.1).
Family II: Irreducible D weight modules which are extended from irreducible A 1 -weight modules (see section 3.2). In section 4.4, we build a family of indecomposable D-modules which are decomposable as A q and A 1 modules (see Theorem 5) when the characteristic of k is equal to the order of q. In this same set-up, we present, Theorem (6): Let V = ⊕ m∈ω V m be a finite dimensional D weight module with support contained in orbit ω. Then dim(V m ) = dim(V n ) for any m, n ∈ ω.
In the process, we have investigated which indecomposable weight modules of A q and A 1 can be extended to D weight modules, which is of independent interest (sections 3.1 and 3.2). In particular, we note that in many cases, it is not possible to extend an indecomposable A q -module (or an A 1 -module) to a D-module.
Assume k = k. For this reason, every irreducible polynomial which is needed to describe weight modules is linear.
Preliminaries
Let A q be the R-subalgebra of D generated by X, Y 1 . Then, A q is a GWA:
The algebra D is then generated over A q by Y with relations
Analogously, let A 1 be the R-subalgebra of D generated by X, Y . Then A 1 is also a GWA with
D is generated over A 1 by Y 1 with relations
In what follows, A could mean A q or A 1 , and t = qσ − 1 (if we study weight modules over A q ) or t = τ (if we study weight-modules over A 1 ).
Let M ax(R) denote the set of maximal ideals of R.
The cyclic group < α > generated by α acts on the set M ax(R), and let Ω denote the corresponding orbit set. When ω ∈ Ω is infinite we call ω a linear orbit. When ω is finite it is called a circular orbit. Set an order on ω by m < α(m).
For m ∈ M ax(R), let K m = R/m and t m = t + m ∈ K m . Call m a break if t m = 0. Let B be the set of all breaks, and B ω = B ∩ ω for ω ∈ Ω. A maximal break in a linear orbit is m ∈ B which is maximal with respect to the order < defined in the preceding paragraph. For a circular orbit, chose any break to be the maximal break.
Note that [2] gives lists of indecomposable and simple weight GWA modules.
Description of indecomposable A-modules.
For each orbit ω of r elements, fix a maximal ideal m(ω) ∈ ω which is chosen to be a maximal break if ω has a break. In what follows, T = Y 1 if we are studying A q -modules, and T = Y if we are studying A 1 -modules, and A denotes A q or A 1 .
Case |ω| = ∞, B ω = ∅: Here, V (ω) = ⊕ m∈ω K m has an irreducible A-module structure with X(v) = α(t m v) and
If m is the maximal element in B ω then set B element of J. Let n 0 be the maximal break in ω preceding all elements of J or −∞ if it does not exist; let n 1 be the maximal element of J if it exists and is a break or +∞ otherwise. For each m ∈ ω, put V m = K m if n 0 < m ≤ n 1 and
A-module structure by setting
The module V (ω, f ) is irreducible. Case |ω| < ∞, B ω = ∅: Here, we receive two families of indecomposable families. Suppose |B ω | = m > 0. Then there is a one-to-one correspondence Z m → B m with m i = α i (m 0 ) for some fixed break m 0 . For any m ∈ ω, let j(m) ∈ Z m be the unique j such that m j−1 < m ≤ m j . Let x, y be two noncommuting variables. Family 1. Fix j ∈ Z m and w = z 1 z 2 · · · z n be a word of length n ≥ 1 where each z i ∈ {x, y}. Let e 0 , e 1 , . . . , e n be n + 1 symbols. For each m ∈ ω, let V m be a vector space over k m with basis {(m, e k ) | k + j = j(m) ∈ Z m }. Put V (ω, j, w) = ⊕ m∈ω V m and it has an A-module structure given by
(α(m), e k+1 ) if m ∈ B ω and z k+1 = x, 0 otherwise;
Let m 1 be that break for which n + j = j(m 1 ) ∈ Z m . Then X(m 1 , e n ) = 0. Similarly, let m 0 be that break for which j = j(m 0 ) ∈ Z m . Then T (m 0 , e 0 ) = 0. The module V (ω, j, w) is irreducible if and only if w is the empty word.
Family 2. Let w = z 1 z 2 · · · z n be a word whose length n is a multiple of m for z i ∈ {x, y}. Let f ∈ k * . Consider n elements e k where k = 1, 2, . . . , n. For m ∈ ω, let V m be a k m vector space with basis {e k | k ≡ j(m)(mod m)}. The vector space V (ω, w, f ) = ⊕ m∈ω V m has an A-module structure given by
The module V (ω, w, f ) is irreducible if and only if w = x m or w = y m .
3.
Indecomposable modules over A q and A 1 .
3.1.
The list of A q -indecomposables. Here we go through the list of GWAindecomposables as described in [2] and understand them as A q -weight modules.
Suppose that |ω| = ∞ and B ω = ∅. In this case, we see V q (ω, b) = ⊕ i∈Z kv i where {v i } i∈Z is a basis, and the action is defined by:
in this case we can extend the action of A q on V q (ω, b) to an action of D by setting
Thus, for any a ∈ k, we obtain an irreducible D-weight module, denoted by V q (ω, b, a). Using appropriate scalar multiples of v i , we visualize V q (ω, b, a) without loss of generality as follows:
That is, without loss of generality,
Thus, we have options which we investigate one at a time:
Using the fact that Y X = τ , we now define action of Y on V q (ω, J, J ′ ) as ,
For every a ∈ k, we thus have a D weight module denoted by V q (ω, J, J ′ , a)
which is irreducible if a = 0, and indecomposable if a = 0. Note that if a ∈ Z \ {0} then V q (ω, J, J ′ , a) is not simple as either A q module or A 1 -module. But it is simple as a D-module. By considering suitable scalar multiples of v i , without loss of generality, we visualize V q (ω, J, J ′ , a) as follows:
Using the fact that Y X = τ , we may define
gives us a = 0. Thus, we have the following:
For any fixed c ∈ k, we have a D-module which is indecomposable, but not irreducible. Notice that if c = 0, then V is a decomposable A 1 -module, but an indecomposable A q -module which is reducible as an A q 1 -module. A generalization of the above set-up:
We have a D-module which is indecomposable (but not irreducible) for With a suitable change of basis, the picture is as follows:
be extended to a D-module.
Here,
This gives an irreducible D weight module denoted by
. After a suitable change of basis, the picture here is
Remark 3: When characteristic of k is 0, and a ∈ k\ Z (respectively, a ∈ k\ Z p when characteristic of k is p > 0) then the resulting module
Here the picture is:
Remark 4: When characteristic of k is 0, and a ∈ k\ Z (respectively, a ∈ k\ Z p when characteristic of k is p > 0) then the resulting module
The resulting module is the same as the one above in case (4).
The resulting module is the same as the one above in case (2).
when q is a root of unit of 1. Note that since |ω| = ∞ and q is a root of 1, this case arises when characteristic of k is 0. Since D contains A 1 (k), we can extend only those A q -modules which are infinite dimensional. In other words, we consider only those J ⊂ B ′ ω for which n 0 = −∞ or n 1 = ∞. We also have b = q k for some k ∈ Z, |B ω | = ∞ and B ′ ω = B ω . Set J ′ ⊂ J not containing the maximal element of J and we consider the indecomposable
Not every V q (ω, J, J ′ ) can be extended to a D module. Using the condition Y X = τ we see the following cases for any
In this case this
In particular, since the characteristic of k is 0, we have that τ = 0 can happen for at most one weight m. Further, if X = 0 for any m = n 1 and
we have an irreducible D-module which is not irreducible as an
This family of A q -decomposables arise when |ω| < ∞ and B ω = ∅. In particular, the characteristic of k = p > 0, and q is a root of 1 Since
Suppose |ω| = r (therefore, q r = 1 and p/r). For any f ∈ k * , let V q (ω, f, b) = ⊕ 1≤i≤r kv i be an r-dimensional vector space and give it A q -module structure as described in section 2.1, with A = A q , T = Y 1 , and
Since action of X is an isomorphism, we extend the action of A q to an action of D by using Y X = τ and setting
We denote the resulting irreducible D-module by V q (ω, f, b, a). Note that the resulting A 1 -module is also irreducible since X is invertible. With a change of basis we see the picture as given:
. This family of A q -decomposables arise when |ω| < ∞ and B ω = ∅ and this is Family 1 as described in section 2.1. Let
and j(m) ∈ Z m are as described in section 2.1. Let x, y be two noncommuting variables. Fix j ∈ Z m and w = z 1 z 2 · · · z n be a word of length n ≥ 1 where each z i ∈ {x, y}. Let e 0 , e 1 , . . . , e n be n + 1 symbols. For each m ∈ ω, let V m be a vector space over k m with basis {(m, e k ) | k + j = j(m) ∈ Z m }. Put V q (ω, j, w) = ⊕ m∈ω V m and it has an A q -module structure given by
The module V q (ω, j, w) is irreducible as an A q -module when w is the empty word. Not every V q (ω, j, w) can be extended to a D module. Using the condition Y X = τ we see the following cases for any
In this case this A q -module cannot be extended to a D-module since we require Y X(v) = τ (v).
In cases 1 and 2, we obtain an indecomposable D-module since it was indecomposable as an A q -module to begin with.
Remark 6:
• 3.1.6. The module V q (ω, w, f ). This family of A q -decomposables arise when |ω| < ∞ and B ω = ∅ and this is Family 2 as described in section 2.1. Let w be a word of length n where n is a multiple of m and let f ∈ k * . Consider n elements e k where k = 1, 2, . . . , n. For m ∈ ω, let V m be a k m vector space with basis {e k | k ≡ j(mod m)}. The vector space V q (ω, w, f ) = ⊕ m∈ω V m has an A-module structure given by
The module V q (ω, w, f ) is irreducible if w = x m or w = y m . The extension of this action to an action of D follows the same pattern as in the previous case V q (ω, j, w), section 3.1.5. That is, Case 1:
The extended D-module is also indecomposable.
Remark 7:
• This module is irreducible as a D module if and only if X = 0 at at most one basis vector and Y, Y 1 are not simultaneously zero.
• Not every A q -module has a D-module structure.
• In Case 2 above, we could have Y (α(v)) = dw for some other w with X(w) = 0, τ (w) = 0 thereby giving us yet another extension of an A q -module to a D-module.
3.2.
The list of A 1 -indecomposables. Now we go through the list of GWAindecomposables as described in [2] and understand them as A 1 -weight modules.
3.2.1. The module V 1 (ω, a). Heret |ω| = ∞ and B ω = ∅. Hence, a ∈ k \ Z if the characteristic of k is 0, and a ∈ k \ Z p if the characteristic of k is p > 0. Here, V 1 (ω, a) = ⊕ i∈Z kv i where {v i } i∈Z is a basis, and the action is given by
For any b ∈ k * , we may extend the action of
and is an irreducible D-module. By a suitable change of basis the picture for V 1 (ω, a, b) is identical to the picture of V q (ω, b, a) drawn in case 3.1.1.
we have B ω = ∅ if and only if a ∈ Z. Without loss of generality, a = 0. That is, ω = {m i = (τ −i, σ −q i b)} i∈Z , and B ω = {m 0 = (τ, σ − b)}. Set B ′ ω = {m 0 , m 1 }. Thus, we have the following options:
Using the fact that
, then this module is irreducible as a D module even though it is not irreducible as an A 1 module or an A q module. The picture for this module is identical to the one drawn in subsection 3.1.1 for a = 0.
Using the fact that Y 1 X = qσ − 1, we now define action of
Requiring that XY 1 (v 1 ) = (σ − 1)(v 1 ) gives us b = q −1 . Thus, we have the following:
For any fixed c ∈ k, we have a D-module denoted by V 1 (ω, J, J ′ , c), which is indecomposable, but not irreducible.
We may generalize this construction to the following D-module denoted by
Its picture is identical to that of 3.1.2, case (2).
This gives a module structure of D on on V 1 (ω, J, J ′ ), and it is irreducible. The picture here is identical to that of 3.1.2, case (3).
Since τ − 1 = 0 on v i , i ≥ 2, we can define Y 1 on on V 1 (ω, J, J ′ ) by letting
This gives a module structure of D on on V 1 (ω, J, J ′ ), and it is irreducible. Here the picture is identical to that of 3.1.2, case (4).
3.2.3.
The module V 1 (ω, J, J ′ ) when characteristic of k is nonzero. Note that since |ω| = ∞ and characteristic of k is p > 0, this case arises when q is not a root of 1. Since D contains A q 1 (k), we can extend only those A 1 -modules which are infinite dimensional. Thus, we consider only those J ⊂ B ′ ω for which n 0 = −∞ or n 1 = ∞. We also have a ∈ Z p , |B ω | = ∞ and B ′ ω = B ω . Set J ′ ⊂ J not containing the maximal element of J and we consider the indecomposable
module for any choice of J ′ . Not every V q (ω, J, J ′ ) can be extended to a D module. Using the condition Y X = τ we see the following cases for any v = 0, v ∈ V m : Case 1:
In this case this A 1 -module cannot be extended to a D-module since we require Y 1 X(v) = (qσ − 1)(v). In particular, since q is not a root of 1, we have that qσ = 1 can happen for at most one weight m. Thus, if m 1 , m 2 ∈ J \ J ′ are such that X(v 1 ) = X(v 2 ) = 0 for v 1 , v 2 = 0, v 1 ∈ m 1 , v 2 ∈ m 1 , then this A 1 -module cannot be extended to a D-module. 
Remark 9: In case there is a D-module structure, then that structure is indecomposable D-module since it was indecomposable as an A 1 -module to begin with. This module is irreducible as a D module if and only if

3.2.4.
The module V 1 (ω, f, a) for a / ∈ Z p . This family of A q -decomposables arise when |ω| < ∞ and B ω = ∅. In particular, the characteristic of k = p > 0, and q is a root of 1 Since B ω = ∅, we have ω = α i (m) where m = (τ − a, σ − b) where a, b ∈ k, b = 0, a / ∈ Z p . Suppose |ω| = r (therefore, q r = 1 and p/r). For any f ∈ k * , let V 1 (ω, f, a) = ⊕ 1≤i≤r kv i be an r-dimensional vector space and give it A 1 -module structure as described in section 2.1, with A = A 1 , T = Y , and
Since action of X is an isomorphism, we extend the action of A 1 to an action of D by using Y 1 X = qσ − 1 and setting
We denote the resulting irreducible D-module by V 1 (ω, f, a, b). With a change of basis we see the picture as given in section 3.1.4 3.2.5. The module V 1 (ω, j, w). This family of A 1 -decomposables arise when |ω| < ∞ and B ω = ∅ and this is Family 1 as described in section 2.1. Let |B ω | = m > 0 (that is, a ∈ Z p ). The one-to-one correspondence Z m → B m and j(m) ∈ Z m are as described in section 2.1. Let x, y be two noncommuting variables. Fix j ∈ Z m and w = z 1 z 2 · · · z n be a word of length n ≥ 1 where each z i ∈ {x, y}. Let e 0 , e 1 , . . . , e n be n + 1 symbols. For each m ∈ ω, let V m be a vector space over k m with basis {(m, e k ) | k + j = j(m) ∈ Z m }. Put V 1 (ω, j, w) = ⊕ m∈ω V m and it has an A 1 -module structure given by
(α(m), e k+1 ) if m ∈ B ω and z k+1 = x, 0 otherwise; In cases 1 and 2, we obtain an indecomposable D-module since it was indecomposable as an A 1 -module to begin with. 3.2.6. The module V 1 (ω, w, f ). This family of A 1 -decomposables arise when |ω| < ∞ and B ω = ∅ and this is Family 2 as described in section 2.1. Let w be a word of length n where n is a multiple of m and let f ∈ k * . Consider n elements e k where k = 1, 2, . . . , n. For m ∈ ω, let V m be a k m vector space with basis {e k | k ≡ j(mod m)}. The vector space V 1 (ω, w, f ) = ⊕ m∈ω V m has an A-module structure given by
is not a break; When one can extend to a D-structure, the extended D-module is also indecomposable.
Remark 11:
• Proof. Let V = ⊕ m∈ω V m be an irreducible D weight module where ω is one orbit. Case: X is injective on V . If ω is cyclic, then V is finite dimensional and every nonzero weight space is one dimensional. Let v 0 ∈ m 0 ∈ ω, v 0 = 0. Then
, and the only X-invariant subspaces are {0} and V . That is, V is indecomposable as an A 1 and as an A q module.
If ω is linear and suppose there exists a v 0 ∈ V, v 0 = 0 such that the preimage Suppose the preimage X −1 (v) = ∅ for any weight vector v. Let v 0 ∈ V m0 , v 0 = 0 be a weight vector. Then V α i (m0) = kX i (v 0 ) for any i ∈ Z. Note that since X is injective, X i (v 0 ) is a singleton set for i < 0. Thus, V is indecomposable as A 1 and A q module.
Therefore, we may assume that every V mi is one dimensional for 0 ≤ i ≤ r and let u i be a basis vector for V mi for each 0 ≤ i ≤ r. Note that Y, Y 1 : V mr → V m0 since α −1 (m r ) = m 0 . Since XY (u r ) = XY 1 (u r ) = 0 and XY = τ − 1 and Fix
We now consider the following families: Family I: Let V be an irreducible A q weight module. Case: q is a root of 1. Here, by Theorem (5.8) of [2] V is isomorphic to
For any a ∈ k, the module V q (ω, b) can be given an irreducible D-weight module structure, and we denote this D module by V q (ω, b, a). The details are given in section 3.1, case 3.1.1. Case: q is not a root of 1. In this case we have more families of irreducible modules. Here, as an irreducibel A q -module, V is one of the three: V q (ω, b) for b ∈ k * \ {q i } i∈Z (described in section 3.1, case 3.1.1), or V q (ω, J, J ′ ) (described in section 3.1 case 3.1.2) subcases (3) and (4). For any a ∈ k, these A q -modules are extended to irreducible D weight modules; these extensions, denoted V q (ω, b, a), V q (ω, J, J ′ , a), are also described in the mentioned sections.
Family II: Let V be an irreducible A 1 weight module. Here, V is one of the three: V 1 (ω, b) (described in section 3.2.1) and V 1 (ω, J, J ′ , b) cases (3) and (4) (described in section 3.2.2 cases (3) and (4)). Since these modules are A 1 irreducible, they are D-irreducible whether or not q is a root of unity.
Family III: Irreducible D weight modules which do not arise from the families I and II above A D weight module is also an A q and an A 1 weight module. Note that an irreducible D-weight module need not result in an irreducible A q or an irreducible A 1 weight module. For instance, the module V q (ω, J, J ′ , a) described in 3.1.2 case (1) is an irreducible D weight module which does not arise from the two families I and II. But by Theorem 1, every irreducible D-module results in an indecomposable A 1 and an indecomposable A q -module. So, we start with those modules V which are indecomposable (but not irreducible) as A 1 -modules, and which can be extended to irreducible Dmodules while ensuring that they stay indecomposable (but not irreducible) as A q -modules. Thus, |ω| = ∞, and B ω = ∅, where ω = {α i (τ − a, σ − b)}. Here, refer to section 3.2.2. We see B ω = ∅ implies that a ∈ Z. We obtain irreducible D-modules in two ways. One is described in case (1), for b ∈ k \ {q a−1 }. The other, and its generalization, is described in case (2) for b = q a−1 . Note that in these cases, q may or may not be a root of unit (refer to 3.1.3). 
be given a D-module structure as follows:
One can see that V (c, 
Characteristic of k is nonzero and q is not a root of 1. Here again we go through three families: Family I of irreducible A q modules, Family II of irreducible A 1 modules, and Family III of indecomposable A q and A 1 modules which are not irreducible in either case. Family I: Here, as an irreducible A q -module, V is one of the three: V q (ω, b) for b ∈ k * \ {q i } i∈Z (described in section 3.1, case 3.1.1), or V q (ω, J, J ′ ) (described in section 3.1 case 3.1.2) subcases (3) and (4). For any a ∈ k, these A q -modules are extended to irreducible D weight modules; these extensions, denoted V q (ω, b, a), V q (ω, J, J ′ , a), are also described in the mentioned sections. When a ∈ k \ Z p , then the resulting D-modules are also A 1 -modules. If a ∈ Z p then the resulting modules are indecomposable A 1 -modules.
Family II: Let V be an irreducible A 1 weight module. Here, V is one of the three: V 1 (ω, b, a) (described in section 3.2.1) and V 1 (ω, J, J ′ ) (described in section 3.2.3). These are D-irreducible weight modules. Family III: Irreducible D weight modules which do not arise from the families I and II above Here we start with indecomposable A q -modules and extend them to irreducible D-modules while keeping A 1 -structure indecomposable, although not irreducible. These appear in two situations of section 3.1.2: One is described in case (1) with a = 0; the other is descibed in case (2) 
4.3.
Characteristic of k is nonzero and q is a root of 1. In this case, we see that |ω| < ∞. Thus, we may describe families I and II as before. Family I: When B ω = ∅, we get the module V q (ω, f, b) for b / ∈ {q i } i∈Z and f ∈ k * described in section 3.1.4. This is an irreducible A q -module and extends to an irreducible D-module. When B ω = ∅, we have two families: The first family is the module V q (ω, j, w) which is irreducible for any j ∈ Z m and w the empty word; this module is described described in section 3.1.5. While not every V q (ω, j, w) can be extended to a D-module, when w is the empty word, this module can be extended to a D-module which will be irreducible. The second family is the module V q (ω, w, f ) which is irreducible for the word w = x m or w = y m ; this module is described in section 3.1.6. When w = x m , this module can be extended to a D-module. But if w = y m , then this module may or may not be extended to a D-module. Family II: As in the preceding paragraph, we have three families of irreducible A 1 modules which may be extended to an irreducible D-module. The module V 1 (ω, f, a) for a / ∈ Z p is described in section 3.2.4 and arises when B ω = ∅. This is an irreducible A 1 module, and can be extended to a D-module.
The module V 1 (ω, j, w) is described in section 3.2.5 and arises when B ω = ∅. This is an irreducible A 1 -module if and only if w is the empty word, and it can then be extended to a D-module.
The module V 1 (ω, w, f ) is described in section 3. Family III: We start with indecomposable A 1 -modules (but not irreducible) and extend in such a fashion that the resultant modules are indecomposable A q -modules (but not irreducible) and are irreducible as D modules. Thus, we look at the case where |ω| < ∞ and B ω = ∅. As has been explained in the proof of Theorem 1 the kernel of X is one-dimensional. By Proposition 1 every weight space is also one-dimensional. In other words, when we consider module V q (ω, j, w) ( section 3.1.5) or V 1 (ω, j, w) (section 3. 
4.4.
A family of indecomposable D-modules which are decomposable as A q and A 1 modules. Throughout this section we assume that the characteristic of k is p > 0 and q is a root of 1 of order p.
In this section we present a family of finite dimensional indecomposable Dmodules which are decomposable as A q and as A 1 modules. First, we present an example. 
i=0 V i where each V i is a four dimensional k mi module with basis {(i, e 1 ), (i, e 2 ), (i, e 3 ), (i, e 4 )}. This D module can be visualized as follows:
(1, e 4 ) (2, e 4 )
(1, e 3 ) (2, e 3 )
(1, e 2 ) (2, e 2 )
(1, e 1 ) (2, e 1 )
That is, the action of D on V is defined as follows:
While V is an indecomposable D-module, as an A 1 module V decomposes as V (m; w, a 1 , a 2 (1) When b ∈ k * \ {q i } i∈Z and a ∈ k \ Z, then V q (ω, b, a) ∼ = V 1 (ω, a, b).
These modules are described in section 3.1, case 3.1.1, and section 3.2, case 3.2.1, respectively. (2) When q is not a root of unity, b = q k for some k ∈ Z and a ∈ k \ Z, then V 1 (ω, a, b) ∼ = V q (ω, J, J ′ a) where the two are described in section 3.2, case 3.2.1, and section 3.1, case 3.1.2, subcase (1) respectively. (3) When q is a root of unity, b = q k for some k ∈ Z and a ∈ k \ Z, then V 1 (ω, a, b) ∼ = V q (ω, J, J) where the two are described in section 3.2, case 3.2.1, and section 3.1, case 3.1.3, case (1) respectively. (4) When b ∈ k * \ {q i } i∈Z and a ∈ Z, then V q (ω, b, a) ∼ = V 1 (ω, J, J ′ , b).
These modules are described in section 3.1, case 3.1.1, and section 3.2, case 3.2.2, subcase (1) respectively. (5) When a / ∈ Z p and q / ∈ {q i } i∈Z , we have V q (ω, f, b, a) ∼ = V 1 (ω, f, a, b).
(6) When w = ǫ, the emtpy word, V q (ω, j, ǫ) is isomorphic to V 1 (ω, j, ǫ) as D-modules; refer to sections 3.1.5 and 3.2.5 for details.
